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Monsieur Scipio CUCCAGNA (Université de Modena, Italie) donnera une conférence sur le
thème:
"DISPERSION OF SMALL ENERGY SOLUTIONS OF THE NONLINEAR KLEIN

GORDON EQUATION"
In this talk I discuss a joint paper with Dario Bambusi in which we expand significantly and we
simplify a paper by A.Soffer and M.Weinstein [SW]. We consider a nonlinear Hamiltonian Klein
Gordon Equation (NLKG) where the linear part involves not the Laplacian, but rather a
Schroedinger operator H. We then show that if H is generic in some sense, any solution of the
NLKG which initially has small energy, eventually disperses and looks like a solution of the linear
KG equation. Such dispersion and scattering results can be simple consequences of the theory of
Strichartz inequalities if H does not have eigenvalues. In this case dispersion and scattering are
obtained viewing the NLKG as a perturbation of the linear KG. But if H has eigenvalues, then there
could be small discrete components fluctuating and not decaying. It turns out that, by nonlinear
coupling, energy leaks from the discrete modes in the continuous modes were it scatters. The exact
mechanism is related to the simple fact that sufficiently large multiples of the eigenvalues of the
linear KG are contained in the continuous spectrum. This yields some dissipation in the equations of
the discrete modes, through a mechanism reminiscent of the classical Fermi Golden Rule. A first
appearance of this idea is in [S] and in [BS]. [SW] discusses the case when H has just one
eigenvalue, with some strong restriction on its position. The derivation of the Fermi Golden Rule in
[SW] and the closing up of the nonlinear estimates is quite complicated. We simplify substantially
the argument, we relax most spectral hypotheses on H allowing any number of possibly multiple
eigenvalues with only mild restrictions. We use crucially the Hamiltonian structure of the NLKG.
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