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Abstract

Given two k—forms « and 8 we derive an identity relating

/Q ((das dB) + (0 58) — (Va; V)

to an integral on the boundary of the domain and involving only the
tangential and the normal components of v and 5. We use this identity
to deduce in a very simple way the classical Gaffney inequality.

TO APPEAR IN DISCRETE CONTINUOUS DYNAMICAL SYSTEMS-S

1 Introduction

Let €2 C R™ be a bounded open set with smooth boundary and v be the outward
unit normal to the boundary. Let

w= E wrdz!
T

be a differential k—form. Denote by dw, dw and Vw respectively the exterior
derivative, the codifferential and the usual gradient (componentwise) of the
form w. Finally let ¥ Aw and v Jw be respectively the tangential and the normal
component of w on the boundary of €.

Our main result (cf. Theorem 3 for a more general version) is the following
identity
[ (o +160f? - V)
Q
:—/ (v Ad(vaw);v Aw) + (V¥ 26(v Aw); v aw)) (1)
(o9}

—|—/ (LY Aw)yv Aw) + (KY (v aw); v aw))
e}



where (.;.) denotes scalar product and LY and K" are matrices acting on
(k+ 1) —form and (k — 1) —form respectively (where we have identified k—forms
with (Z) —vectors). They depend only on the geometry of  and on the degree
k of the form. They can easily be calculated explicitly for general k—form and
when  is a ball of radius R (cf. Corollary 5 for a more general version), it turns
out that

L"(v Ahw) = %V/\w and KY(vaw) =

We therefore have

-k
o v owl)?.

k
(L"(v Aw);v Aw) = = v Aw? and (K"(vow);vow) =

We will also give general formulas (cf. Proposition 7 and Corollary 8) in the
case of 1—form and for general domains €; in this case K" is a scalar and it is
a multiple of k, the mean curvature of the hypersurface 02, namely

K"=(n-1)k.

The advantages of this formula, besides its generality and elegancy, are the
following.

1) The right hand side of the identity is expressed solely in terms of the
tangential and normal components of w. Therefore if either vAw =0orv yw = 0,
then the right hand side of (1) does not depend on derivatives of w. It hence
leads to an elementary proof of the classical Gaffney inequality (cf. Theorem 12
below). This inequality states that there exists a constant C' = C (£2) > 0 such
that, for every k—form w with either v Aw =0 or v w =0,

c / Vf? < / duof? + / 6uf? + / wf?, @)
Q Q Q Q

The classical proof of (2) by Morrey [8], [9] (see also, for example, Iwaniec-Scott-
Stroffolini [6]), generalizing results of Gaffney [4], [5], is much more complicated.
It requires the use of local rectification of the boundary, partition of unity and
some lengthy estimates concerning dw, dw and Vw.

2) The formula is valid with no restriction on the behavior of w on 9. This
observation will allow us to obtain (cf. Theorem 14) Gaffney type inequalities
for much more general boundary conditions than the classical ones which are
vAw=0orviw=0.If one assumes ¥ A w = 0 (and similarly if v Jw = 0),
then an identity in the same spirit as (1) can be found in Duvaut-Lions [3] (cf.
the proof of Theorem 6.1 in Chapter 7) for the special case of 1—form in R? and
in Schwarz [11] (cf. Theorem 2.1.5). However, in this last book, the actual K"
is very implicitly defined.

The proof of our formula goes as follows. We start, as in classical proofs
of Gaffney inequality, by expressing the left hand side of (1) by a boundary



integral through several quite simple integrations by parts, together with the
formula dd§ + 0d = A, obtaining that

/ (Jdw|? + [sw|* — [Vw|?) = / ({(dw; v Aw) + (dw; v aw) = > (Vwr; v)wr) .
Q X9)

We then transform the right hand side through algebraic manipulations only,
and no more integration by parts, so as to get our formula.

It goes without saying that our identity and its proof can be carried over
without difficulty to manifolds with boundary.

2 Notation and Preliminaries

2.1 Notation

We will denote a differential form w: U € R® — A¥ (R"), 0 < k < n, by
w= Z Wiy iy (X)d2™ A - A da® :ijdxl € S(U; AY),
1<ii<-<ig<n I
where I runs over all elements of
T ={T= (i, ,ig) 1 <ip <+ < iy <nb,

the set of strictly increasing k—indices. S will denote the function space to
which the w; belong, for instance S = C!, C>°, W*P?. We will sometimes use
the notations

dz™ A Adztet Adattt A Adat = dat A Adais A Adat = de! et

for denoting that da’ has been omitted. The scalar product between two
k—forms, is defined by
(wya) = Zwl ar
I

and |w|? will abbreviate (w;w). The exterior product between forms is denoted
by A. We have, in particular, that if o € A¥ and 3 € A!, then

aAB=(-D*BAa.
If w € A* its Hodge dual xw € A"~* is given by
wAf = (xw;B)dV, for every 8 € APTE

where dV = dx' A --- A dz™ denotes the standard volume form. If I € 7;, then
I¢ € T,_ will denote its complement in the set {1,---,n}. The Hodge star
operator satisfies

(i) x*dV =1 and =x1=dV
(ii) aAxf={a;8)dV = B A x«a
(iii) *x = (—1)F=F) Id,,

(iv) w do! = (=1)70I) gzl



where o is given by da! A dz!” = (=1)°I)dV and Idx denotes the identity
map on k—form. If @ € A! and w € A* we define the interior product of o with
w by

asw=(—1)"* Dy (a A sw).
We will, sometimes and by abuse of notations, identify in a natural way a

k—form with a vector in R(k). By means of this identification one can easily
verify that o Jw = i,w if @ € A, a notation used by some other authors. The
following identities hold true, for every a € A!, 3 € Al, v € A**! and w € A¥,
(i) aNa=0 and as(asw)=0
(ii) lo)?w =a A (eow) +as(aAw) )
(i)  (aAw;y) = (wiasy)
(iv) as(wAB)=(asw)AB+ (—1)fwA (asp).
The exterior derivative d and the codifferential § (also called interior derivative)
are defined by

Z Z iy Toak gem A dgit A A dpth

ox
11 <<t m=1 m

dw = (=1)"* D 4 (d (sw)) .
They satisfy
(i) ddw=0 and &ow =0
(i) d(anpB)=danp+(-1)*andps ifaisak—form
(i) déw + ddw = Aw = Z Awr dz?.

If ¢ = (¢',---,¢") : O — V C R™ is a C! map, then the pullback ¢*w is a
k—form on O given by

(W)= D> (Wiyei, 0B)G A Ad™ =D (wy 0 ¢)de'.

i< <ip I

Let U C R™ be open, u € C(U;A') (with the usual identification between
vectors and 1—forms) and w € C*(U; A*). The Lie derivative £,w is given by

0

Lpw = Ot lt=o

i (w)
where ¢, is the flow associated to the vector field u, namely

Foe=p(d) ift>0
¢o(x) =z  for every z € U.



Calculating explicitly £,w gives
0
Lo = 5| S wr(@n@) def = Y (Ve wda! + @), (5)
I I

where L*(w) abbreviates the term containing the time derivative of d¢! , i.e. for
E>1

9 i
1) = Yo | e o) (6)
while for £ =0
L* (w) = 0.
The dual versions of the two preceding equations are
(=DM £, (sw0) = Y (Vwrs p)dat + K*(w), (7)
I
where K*(w) is given by, if k <n — 1,

c

K (w) = (-0 (Zw(m)%’tzod@ (2)(~1)701) (8)
I

and if k=n
K*(w) =0.
The following identities can be easily verified
KHM(w) = ()P0 s L (xw) and  LH(w) = (=)0 s KRrGw)  (9)
(o KH(w); ppaw) = (u A LF(xw); po A *w). (10)
We recall Cartan formula and its dual version

Lyw=p1dw+d(psw)

(=1)k(n—F) 4 L,(xw) = pAdw+d(nAw). ()

Let © C R"™ be a bounded open set with C? boundary and unit outward normal
v. Let w € C(Q; A*). The tangential component and the normal component of
w on 9N are, the (k + 1)—form and (k — 1)—form, defined respectively by

vAwe COUATY) and viw e C(OQ;AF ).

Some authors call tw = v 4 (v Aw) the tangential component and nw = vA(v Jw)
the normal component of w. It is easily seen that, using (4),

tw=0 < vAw=0 and nw=0 < rviw=0.
Furthermore the following implications hold true

vAw=00n9d0 = vAdw=0on 9N
Viw=0o0ndN = v_idw=0 on 0N.



Suppose a € C1(Q; AF~1) and B € C*(Q;A*), 1 < k < n. Then the following
integration by parts formula (Gauss-Green theorem) holds

e+ [won) = [ wrais) = [ (v, (13)

The scalar product of the gradients is defined by

" da; 0p
VsV =33 5z, B
I m=1 m m

2.2 Two preliminary Lemmas

Lemma 1 Let 0 < k < n, U be an open subset of R, p € CY(U;AY), «a,
B € CYHU;A*) and let x € U be such that |u(z)] = 1. Then the following
equation holds true, for every such x,

(do; A B) + (S s ) = (Vs )i
= —(uAd(paa);pAB) = (nad(uAa);psp) (14)
+ (uA L (a); p A B) + (o KH(a); s B).

Proof First note that (5), (7) and (11) imply

> (Varpda! = pada+d(pa) — L#(a)

(15)
=puANda+d(pNa)— K (a).

We now use equations (i)-(iii) of (4) and |u(z)| = 1. We split > (Vay;pu)Br in
the following way

> (Varmbr = (Var wda'; )
= () (Varppdesu A (paB) + (Y (Var mda’s po (w A B)).
And similarly

(dos A B) = (A (pada);uAB) + (po(pAda); A B)
= (uA (pada);pnpB).

Using these identities and (15) we obtain

(dos A B) = (D (Vars wda’s s (nA B)
= (u A (poda)i A B) = (uA (3 (Varsmydat ) A B)
= —(uANd(paa);pAB)+ (pA L' (a); p A B).



We now carry out the analogous computations for (dc; 1 1 3), which yield in a
similar way

(s ) = (Y (Var; wda's uA ()
— (o (unda)posB) = (o (3 (Var mdat )5 s B)
—(pad(pAa)paB)+ (s KH(a);papB).

Adding the previous two equalities concludes the proof of the lemma. m

Lemma 2 Let 0 < k < n, U be an open subset of R", a € CY(U;A¥), u €
CY(U; AY) such that |u| = 1 in U, then the following identities hold true in U
LM (una)=pAL*(a) and KHM(poa)=piK"*(a).

Proof Let I € 7, and J € T41. We use equation (15) for expressing both
L*(a)) and L*(u A o). This gives

pAL*(a)=pA (paoda) +pAd(paa) u/\z Var; u

LH(pAa)=padpAae)+dpas(pha)) = (VieAa)s;pds’.
J

In the first one of these two equations, we use the identity
A (poda) =do—pa(uAda)

to get

wA LH (@) :doz—,tu(,u/\doz)—k,u/\d(uJoz)—u/\Z(Voq;,u}da:l.
I

In the second one we use the following relations
dlpNa)=duha—pAda
d(pa(p A ) =do—d(pA(paa))
=da—duN(poa)+pNdpsa)
to obtain, after using (iv) of (4),

LFuna)=padlpAha)+da—du A (poa)+pAd(p o)

—Z (LAa);p da:

Setting now pu A L*(«) equal to L¥(u A a), we see that the first statement of the
lemma is equivalent to

S (V(una)pyde” = p Ay (Vorspyda’ + (padp) A (16)
J I



The hypothesis || = 1 in an open set implies for any [ = 1,--- ,n that
n
3 L -
— 0x;

Using this fact one can easily verify that

n

poadp ="y (Vs p)da’. (17)

s=1

We can now prove (16) by a straightforward calculation. Due to the linearity in
«a we can suppose that « is of the form a = fdz** A--- Adx** for some function
f- We therefore have

n

D (V(una)sspyde” =N (V(fe);p) da® Ade' Ao A da'
J s=1

= Z(Vf; phps da® A dx'™ A--- A da' 4 Z<V}L5; p) fdx® Adx™ A--- A da'
s=1 s=1

= A Z<V041; pydx! + Z(Vﬂs; p) f dz® Adx™ A Ada'
I s=1
The last term in the last equation is equal to (udu) A «. This follows from

equation (17) by taking the wedge product with «.. The second result concerning
K* follows now from the first one by duality, see (9). m

3 The Main Theorem

Theorem 3 (Main Theorem) Let 0 < k < n and let Q C R™ be a bounded
open_set with C? boundary, with unit outward normal v. Then every a, 8 €
C1(Q; A*) satisfy the equation

/Q ({de; dB) + (da; 68) — (Va; V)
= _/{m ((vAdvaa)v AB)+ (vad(v Aa);v i)

+/ (L (v Aa);w A B) + (K¥ (v s0);v 3 5)
o0

Remark 4 (i) In the above theorem and in the sequel, we have always assumed
that the outward unit normal v has been extended to R" in a C! way with |v| = 1
in a neighborhood of 9. This is, of course, always possible. The formulas here
and below will be seen to be independent of the extension.



(ii) An alternative version to formulate the theorem would be (see Lemma
2)

/Q (da; dB) + (0, 58) — (Va; VB))
:—/ ((wAdvaa),v ABY+ (vad(v Aa);vaf)) (18)
o0
+/ (v A L¥(a);v A B) + (v s K¥ ()2 B))
o

In that case we do not need to extend v, since all four terms in the boundary
integral depend only on the values of v on the boundary. This is obvious for
vAd(vaa) and v 10(v A a) due to (12). For the other terms see Proposition 6.

(iii) If @« = [ the first boundary integral could be expressed more compactly,
since by taking an arbitrary extension of v onto the whole §2, we obtain, appeal-
ing to (13),

/Q<d(VJa);5(V/\a)>:/ (vid(vha)via)

o0

:/ (v ANd(vaia);vAa).
o9

(iv) In the special cases k = 0 or k = n, the proof is much more immediate
than the one we will provide below.

As an example we first present the following corollary.

Corollary 5 (Ball of radius R) Let Q2 = Br(a) be the ball of radius R cen-

tered at a with unit outward normal v. Then
n—=k

L"vAha)= %l//\(){ and K'(voa)=

and thus every a, € C1(Q; AF) satisfy the equation

| Zguye

/Q ((das dB) + (60 68) — (Vey; V)

:—/ (wWAdwaoa);v ABY+ (vid(v Aa);vaB))
oN

+/as2 (Z(zﬁ\a;v/\ﬂ)—%—n}_zk@JOé;VJﬁ))-

Proof of the corollary Without loss of generality we can assume a = 0. We
use Lemma 2 and Proposition 6 below to obtain

LYvha)=v AL (a) = uAL¥ (),
where p(x) = x/R. Let ¢, be the flow associated to this u, namely

¢t = 6t (x) = e'a.



We therefore obtain

I _ ke, 0 0 I_ k I
d¢* =er’dx’ = Eri do' = = dz
and thus

k k
L“(a)zﬁa and u/\L“(a):E,u/\a.

It now follows from identity (9) that

n_ka and po K" (a) = n_k

Kt (a) = oo

The corollary is therefore proved. m
We now continue with the proof of the main theorem.

Proof of the main theorem We assume «, 8 € C?(; A¥), since the result
for a, B € C1(Q; A¥) follows by a density argument. Integrating several times
partially yields

/Q (dev; dB) + /Q (da; 63)
:—/Q<5da+d5a;ﬂ>+/BQ<dO¢;V/\5>+/ {0 v 1 B)

1919)

Z—/<Aa;ﬂ>+/ ((de; v A B) + (da;v 1 3))
Q féle}
:_/Q;Aafﬁf—i-/m«da;u/\@+<5a;lug>)

=/Q;<Va1;v51>—/m;mwm+/39<da;uw>+/m<6a;wﬁ>.

We now apply Lemma 1, which proves (18). The theorem then follows from
Lemma 2. m

Consider the tangent vectors E;; = (E}J ooy BY) at @ € 0Q defined, for
every 1 <1,7,8 <n, by

0 ifi=j
0 ifs#iors#j
ES —
v v; ifs=diandi#j

—v; if s =7 and i # j.

For f € C'(99) we denote its derivative in the direction of E;; by 0;;[f], that
is

(& res)] i
0 ifi=j

951 f1(x) =

10



where ¢;;(t) is any curve lying in 02, which satisfies ¢;;(0) = = and ¢;;(0) = E;; .
It turns out, that if f has been extended to R™, then

of , _of,
81'7; J 8xj !

di;f] = = (df /\V)ij

and thus this expression is independent of the choice of the extension. With
this notation we can prove the following.

Proposition 6 Let Q C R” be a bounded open set with C? boundary and unit
outward normal v. Then for every a € A* the maps a — v A L(a) and o —
v 1KY () depend only on the values of v on 0.

Proof Step 1. First extend v as a C! vector field to R and let

Loy =v(d) ift>0
oo (x) =x  for every x € Q.

We therefore get

9 , . _ .
_ 21 i1 Ty—1 . Lyt AL Uk
f:()d S(Z)A. . Adpik( g AN AN AN el AN

(19)
Setting this into the definition of L yields

kE n
LY () = Z Qi ZZ de DAL AdZ AT AT A, L A2

1< <1k y=1s=1
(20)
Step 2. We claim that for a« = Y, aydz!
vAL(« Z Z Z —1)Y a1 0rs[vs, Jda” A da® A dz!\ (21)

I ~= 11<r<s<n

Once we have shown this, it follows that both v A L («) and v 4 K¥ () (see (9))
only depend on the values of v on 99Q. Using (20) we obtain

ov; . . ) )
Y ypdx” Adzt A LA dz o Ada® A dzt AL LA dat
T

k n
(.:)i . o~y .
:E @IE E (—1)W71%V¢dxr/\dms/\dx“/\.../\dx A ANdxtt.
I

S

We now split the sum over the r, s as

> -yey.

r,s=1 r<s r>Ss

11



In the second sum of these two we interchange the roles of r and s. Recalling
that dz” A dz® = —dx® A dz”, we have indeed established (21). m

Proposition 7 Let Q C R" be a bounded open set with C? boundary. Let o be
a 0—form. Then
K" (a) =[(n=1)x] a

where Kk is the mean curvature of the hypersurface 9.

Proof Recall that the outward unit normal v has been extended on a neigh-
borhood of 9 so that |v| = 1. Let « be a 0—form. Due to the definition of K",
see (8), we obtain

K" (a) = [aa t_od(b% /\-~-/\d¢4

= % [azyzldxl Ao Ndz? T A dvy A dad T /\~~~/\dz”} .

Only the derivative with respect to j, %d:cj in dv; has a contribution. Hence
T,
n
v,
K" (a) = *a Z ﬁdv = dive.
g=1""

Since the divergence of v is equal (see for instance Krantz-Parks [7]) to (n— 1)k,
if |v| = 1 near 912, the proposition follows. m

Using Proposition 7, we can rewrite Theorem 3 in the case of 1—forms with
vanishing tangential component as follows.

Corollary 8 Let Q@ C R" be a bounded open set with C? boundary and unit
outward normal v. Every o, B € CY(Q; AY) with v Aa=v A B =0 satisfy

/ ((das dB) + (50 58) — (Ve; VB)) = / (n— 1) 5o B).
Q o0

We present another possibility to express the main theorem for 1—forms (for
a proof see Csaté [2]).
Proposition 9 Let a = Y a;dz’ and § = Y. Bidx’ be 1—forms. Then, for
every x € 0L), the following identity

n

(WAL (a);v AB) + VoK (a);vaf) = — Z a;f3; Z]Iz(Ei'r-7Ej’r')
r=1

i,j=1

18 valid, where I, is the second fundamental form of the hypersurface 092 at x.

12



4 An application to Gaffney inequality and a
generalization

Gaffney inequality is essentially based on the fact that the first boundary integral
in Theorem 3 drops, whenever one of the conditions ¥ Aw =0 or v Jw = 0 is
satisfied.

We first need to define the Sobolev spaces of forms with vanishing tangential,
respectively normal component on the boundary, namely

WA (AR = {w e WH2(;AF), vAw=0 ondQ}

WA (Q;AF) = {w e WEA(Q;AF), vaw=0 ondN}.
The spaces Ch.(Q; A*) and C%(€; A*) are defined in an analogous way. The
norms in these spaces are defined componentwise. The following density ar-

gument holds true, see for instance Csaté [2], Iwaniec-Scott-Stroffolini [6] or
Morrey [9].

Theorem 10 Let @ C R" be a bounded open set with C? boundary. Then
CL(Q AF) is dense in W2 (Q; A*) and CX (4 A*) is dense in W* (Q; AF).
To obtain Gaffney inequality from the main Theorem 3 we will need the

following elementary result.

Proposition 11 Let Q C R™ be a bounded open set with C? boundary. Then
there exists C = C(Q) > 0 such that, for any 0 < € < 1,

/ u2§e/|Vu\2+g/|u|2
LY) Q € Ja

for every u € W12(Q).

Proof Due to the density of C* (€2)in W2(Q2) and the continuous imbedding
Wh2(Q) — L2(09) it suffices to show the inequality for all u € C*(Q). As 9 is
of class C2, we can extend the unit outward normal vector v to a C1(Q2) function.
Hence |v| and the divergence | div v| are bounded in 2 by some C' = C(2) > 0.
Using integration by parts yields to

/E)Qu _/E)Q QZV _/Eiﬂu VV>

1=1

/dlvu v /u divu—l—/(Vu v)
/|d1vu|u +/|V||vu2|<c/u +C’/2|u||Vu|

02
2C |u| |Vu| < €|Vul* + - u?

Since

we have the desired result. m

13



Theorem 12 (Gaffney Inequality) Let Q@ C R™ be a bounded open set with
C? boundary. Then there exists a constant C = C(Q) > 0 such that

lollfyse < € (ldewlZe + 10w]Z + llwlZ2)
for every w € W2 (0 AF) U W2 (Q; AF).

Proof Appealing to Theorem 3 and the properties of L” and K" there exists
continuous functions fr; € C(99), depending only on the geometry of 9 and
on k, such that

[ o +160) = [ (9l + [ 5 frre,
Q Q o0 1,0

for every w € CL(Q; AF) U C% (Q; A¥). In particular, since 92 is compact, there
exists a constant C = C(n, k,2) such that

[ s 1o 2 [ [P -c [ ol (22)

Combining this with Theorem 10 and Proposition 11, we have Gaffney inequal-
ity. m

We just saw that the proof of Gaffney inequality is essentially based on the
fact that the first boundary integral in Theorem 3 drops, whenever the tangential
or normal component of w vanishes. In that case no derivatives of w occur in
the boundary integral and one obtains the estimate (22). We now discuss the
possibility of extending Theorem 12 to more general conditions than those of
vanishing tangential or normal components. We give in Theorem 14 two ways
of generalizing Gaffney inequality. But before proceeding further we need the
following algebraic lemma.

Lemma 13 (i) Let 2k < n, k odd, w a k—form, v a 1—form and A a (n — 2k) —form
such that
kv Aw] = AN (Vow).

Then
WAdviw) v Aw) + (v adv Aw);vaw) = =V AAAA (Vaw); *(v aw)).
(i) Let 2k > n, (n — k) be odd, w a k—form, v a 1—form and A a (2k — n) —form

such that
vaiw=ANA*x(vAw).

Then

WAdvow) v Aw) + v id(v Aw);vaw) = (P AAANA*(V Aw); v Aw).

14



Proof Step 1. Let w € A¥(R"), v € A'(R?) and dV = daz' A -+ Ada™. Tt
follows, from the definitions of the interior product and the interior derivative
as well as (3), that

wAdvaiw);v Aw)dV + (v 16y Aw); v aw)dV

=vA[dvow) A (x (v Aw) + (=D ow) Ad(x (v Aw))]. (23)

Step 2. We first prove (i). We set the equality *[v Aw] = AA (v Jw) into the
right-hand side of (23), which yields

VAAW W) AAA (Vow) — (Vow) AdAA (v aw)))
=—VvAWIw)ANdAA(vow)+ Vv AA

where
A=dv W) AAA (vaw)+ (D" rLiw) AANAd(Ysw).

Using again that £ is odd one can easily verify that A vanishes. It therefore
follows from (23) and the above two identities that

W Advsw);v Aw)dV + (v 16(v Aw); v aw)dV
= VAWVIW)ANAAA (Vow) =—VAdAA (Vow) Axx (Vaw)
=—(VAdAA (Vvaw);x(vaw))dV.

Step 8. The proof of (ii) is analogous to that of (i) by setting the equality
viw = ANA#(v Aw) into the right-hand side of (23). m

Theorem 14 Let Q C R” be a bounded open set with C? boundary, v the unit
outward normal to 0 and 0 < k < n.

(i) Let 2k < n with k odd. Let A\ € CY(9Q;A"2k). Then there exists a
constant C' = C(n, k, 08, \) such that

[Vwlfipre < C (ldwlZz + [l0w]Z2 + |wZ:)
for every w € C1(; A*) satisfying

*(VAw)=AA(viw) ondQ.

(i) Let 2k > n with (k —n) odd. Let A € C1(0Q; A**~™). Then there exists a
constant C' = C(n, k, 0, \) such that

IVwlffye < C (ldw]Z: + 6wl|Fe + l|lwlZ)
for every w € CY(Q; A*) verifying

viw=AN*x¥Aw) ondQ.
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Proof We prove (i). The proof of (ii) is completely analogous. Due to Theorem
3 and Lemma 13 (i)

/|dw|2+/ |5w|27/ V]2
Q Q Q

= /aQ (WANAAIN (vow);x(vow)) + (LY (v Aw);v Aw) + (KY (v aw); v aw)) .

The regularity assumption A € C'(9; A"~ 2%) implies that v A d), which is well
defined by (12), is a continuous function on 9. One can now proceed exactly
as in the proof of Gaffney inequality. m

We give the following example to Part (i) of Theorem 14.

Example 15 Let Kk =1 and n > 3. Hence n — 2k = n—2. It will be more conve-
nient to calculate with ) than with A, so we suppose that *\ € C1(9; A"~2).
In that case the condition *(v A w) = (*A) A (v Jw) can be written as

vAw=(viw)A ondf

which consists of the (g) equations
n
ViWwj — Vjwi = )\ijZVlwl for1 <i<j<n.
1=1
To make the example even simpler assume that
H=00n{zeR": 2, =0}
contains a relatively open set. Furthermore suppose that, for every x € H,
Aij (@) =0 ifj#nandl1<i<y.
At every z € H, we have

vAw=0 < wi=-=w,_1=0

viaw=0 < w,=0

whereas
vAw=Viw)A & w;+ Apw, =0, foreveryi=1,---,n—1
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